We study the heat kernel trace and the spectral zeta function of an intrinsic sub-Laplace operator sub L\G on a two step compact nilmanifold L \ G. Here G is an arbitrary nilpotent Lie group of step 2 and we assume the existence of a lattice L ⊂ G. We essentially use the well-known heat kernel expressions of the sub-Laplacian on G due to Beals, Gaveau and Greiner. In contrast to the spectral zeta function of the Laplacian on L \ G which can have infinitely many simple poles it turns out that in case of the sub-Laplacian only one simple pole occurs. Its residue divided by the volume of L \ G is independent of L and can be expressed by the Lie group structure of G. By standard arguments this result is equivalent to a specific asymptotic behaviour of the heat kernel trace of sub L\G as time tends to zero. As an example we explicitly calculate the spectrum of the sub-Laplacian sub L\G in case of the six-dimensional free nilpotent Lie group G and a standard lattice L ⊂ G by using a decomposition of sub L\G into a family of elliptic operators. © 2011 Elsevier Masson SAS. All rights reserved.
Introduction
Differential operators on manifolds which are associated to a geometric structure and their spectral functions have found significant applications in various fields of mathematics and physics such as geometric analysis, differential geometry or quantum theory. The Laplace-Beltrami operator in Riemannian geometry or the Dirac operator associated to a spin geometry form important examples of such objects and deep relations between their spectral invariants and the geometric structure of the underlying manifolds have been discovered. For various subclasses and corresponding geometric operators methods are available that allow to calculate their spectrum exactly. In these cases an explicit analysis of the corresponding spectral functions, such as the heat kernel trace and the spectral zeta function, is possible and leads to interesting examples of the general theory. In particular, the functional determinants of such operators which cannot easily be obtained from the asymptotic behaviour of the spectrum can be calculated. The spectral zeta function of a complex sub-Laplacian on odd-dimensional spheres has been studied in [6] . In low-dimensional cases functional equations could be derived that are linked to the classical functional equation of the Riemann zeta function. Furthermore, the analysis of spectral inverse problems in sub-Riemannian geometries is a natural task for a future investigation. Recall that in case of the Laplacian on Heisenberg manifolds this problem was discussed in [13] .
We study the spectral zeta function ζ sub L\G (s) of an intrinsic sub-Laplace operator sub L\G associated to a trivializable sub-Riemannian structure (cf. [1, 2, 5, 15] ) on a compact nilmanifold L \ G. Here L is a uniform discrete subgroup of a general two step nilpotent Lie group G (we assume that L exists). The sub-Laplace operator is non-elliptic in general and defined via a sum of squares of global left invariant vector fields on G. In [1, 2] we have treated the special case of Heisenberg manifolds where G := H 2N +1 denotes the (2N + 1)-dimensional Heisenberg group and L ⊂ H 2N +1 is a standard lattice. The spectral zeta function could be obtained explicitly in the form: 
where we have written ζ(s) for the Riemann and ζ
(2N)
Ep (s) for the Epstein zeta function. It was shown in [1] that (1) admits a meromorphic extension to the complex plane which is holomorphic in a zero neighbourhood and has only one simple pole in s = N + 1. The sub-Riemannian structure on L \ G extends to a Riemannian structure with corresponding left invariant Laplacian L\G and spectral zeta function ζ L\G (s) . In contrast to the above result it previously was observed by the second author and S. de Gosson in [12] that ζ L\H 2N+1 (s) in general has infinitely many simple poles located on the real axis, cf. [13] .
The aim of the present paper is to generalize this type of results to arbitrary compact two step nilmanifolds and to provide explicit examples in the case of low-dimensional manifolds that are not of Heisenberg type. More precisely, let g denote the Lie algebra of G and let [g, g] be its first derived ideal. Then, we can prove: 
Here the integrand W (τ ) is the volume form in the heat kernel expression of the sub-Laplacian on G. It can be expressed explicitly and encodes the structure constants of the Lie group.
We point out that the above theorem can be used to calculate the values of ζ sub L\G (s) at non-positive integers and to show that they are independent of L and G. As is well-known the spectral zeta function of the left invariant Laplace operator L\G on L \ G has only simple poles which are located at most at points s j ∈ {dim G/2 − j | j ∈ N 0 }. In general, finitely many (more than one) or even infinitely many poles appear and the values ζ L\G (−k) where k ∈ N 0 may depend on G in case of an even-dimensional group G. In Section 4 we calculate the residues of ζ L\G (s) in s = s j for j ∈ N 0 , cf. Theorem 4.4.
As a crucial ingredient to the proof of Theorem A we derive an inequality (Proposition 2.5) on the heat kernel K(t, g,g) of the sub-Laplacian on two step nilpotent Lie groups G (see also [11] ). Recently precise upper and lower pointwise estimates on the sub-elliptic heat kernel in the special situation where G is a Heisenberg group or an H-type group have been obtained in [10] (see also [8] ). However, in order to obtain the result in Theorem A we need to deal with general two step nilpotent groups and we essentially use an integral expression of K(t, g,g) due to Beals, Gaveau and Greiner in [3, 4] . Especially the estimate given in Proposition 3.1 based on this inequality (Proposition 2.5) is essential for the proof of Theorem A. Then an asymptotic expansion of the heat kernel trace of the sub-Laplacian on the compact manifold L \ G is proven which through the Mellin transform is equivalent to the statement in Theorem A. Since we have started with a general two-step nilpotent Lie group G we have to assume the existence of a uniform discrete subgroup L ⊂ G. On the one hand it is known that there are nilpotent Lie groups without uniform discrete subgroups even among the groups of step two, cf. [9, 16] . On the other hand there are interesting classes of Lie groups including the H-type Lie groups (cf. [7, 14] ) for which the existence of lattices is known.
Compact nilmanifolds of 2-step nilpotent Lie groups can be interpreted as the total space of a principal bundle whose fiber and base spaces both are tori. In a natural way the sub-Riemannian structure studied in this paper defines a connection for this principal bundle. Then not only the sub-Laplacian can be descended to the base space and induces the Laplacian on the flat torus, but also there is a family of elliptic operators acting on line bundles associated to characters of the structure group (which again is a torus). From this point of view the sub-Laplacian can be seen as the L 2 -infinite sum of elliptic operators on the base space of a principal bundle. To provide an example that is not covered by previous results and allows an explicit spectral decomposition of the sub-Laplacian we choose G to be a free two-step nilpotent group of dimension n(n + 1)/2 where n ∈ N and we fix a standard lattice L ⊂ G. In case of dim G = 6 and simplifying our method in [2] we calculate the spectrum of the sub-Laplacian sub L\G . Even in such a low-dimensional case the corresponding spectral zeta function is far more complicated than (1) . It decomposes into an infinite sum of spectral zeta functions ζ n (s), n ∈ Z, of elliptic operators and each function ζ n (s) is meromorphic with in general infinitely many simple poles. However, it follows from Theorem A that after the infinite summation all the poles disappear, and one new pole at s = 9/2 appears. Finally, we mention that the regularized determinants of the operators in Section 6 can be calculated, but we do not provide the details here (see [1] for an example of an explicit determination of the zeta regularized determinant of a sub-Laplacian).
The structure of the paper is as follows. In Section 2 we recall an expression for the heat kernel K of the sub-Laplacian acting on C ∞ (G) where G is a general two step nilpotent Lie group. Then in Proposition 2.5 we derive some estimates on K from above.
Section 3 contains the proof of Theorem A, which is derived from the asymptotic expansion of the heat trace of the sub-Laplacian on a general compact two step nilmanifold L \ G (we only assume the existence of a lattice L ⊂ G).
In Section 4 we deal with the left invariant Laplacian on L \ G and we calculate the residues of the corresponding spectral zeta function in all its poles.
In the short Section 5 as an application to Theorem A we calculate the values of the spectral zeta function for the sub-Laplacian on L \ G in all non-positive integers and we compare the result with the elliptic case of the Laplacian. In particular, Theorem 5.1 gives a generalization of Theorem 8.4 in [1] , where we only dealt with Heisenberg manifolds.
Finally, in Section 6 we deal with explicit examples and choose G to be a free nilpotent two step Lie group with standard lattice L ⊂ G. In case of dim G = 6 we calculate the spectral zeta function of the sub-Laplacian. The expression we obtain in this last example has already been given in [2] , however, we present an essentially simplified method of the calculation here.
Appendix A complements the text, where we have collected some identities and lemmas which are useful throughout the paper.
Heat kernel estimates for a sub-Laplacian on 2-step nilpotent Lie groups
We start by recalling an integral expression for the heat kernel of the sub-Laplacian on a general 2-step nilpotent Lie group G in [2, 3, 11] . Special cases of these spaces and operators have been treated in [1, 2] , see also [12] for results on the Laplacian.
Let G be an (n + d)-dimensional connected and simply connected 2-step nilpotent Lie group with Lie algebra g where d is the dimension of the first derived ideal [g, g] . We identify the group G and its Lie algebra through the exponential map
be suitable bases of [g, g] and a complement of it, respectively. Put
where a k ij = −a k ji for i, j = 1, . . . , n. With respect to the above bases and the identification g ∼ = G we express an element g ∈ G in the form g = (x, z) ∈ R n+d . If we use the notation a ij :
With
with the matrices Ω := (a ij ) ∈ R n×n . Consider the sub-Laplacian on G defined by
where X i denotes the left invariant vector field associated to X i . Since the vector fields { X i } i=1,...,n fulfill the Hörmander condition (= bracket generating condition) it is known that the sub-Laplacian defines a hypo-elliptic but in general non-elliptic operator. The following theorem is proven in [3] (see also [2, 11] ):
and the action function f (x, z, τ ) in the integrand takes the form
As in [11] we write
for the so-called volume element in the above integral expression of the heat kernel. As is known, W (τ ) satisfies the following first order transport equation (cf. [3, 11] )
However, in order to get a precise estimate on the behaviour of W (τ ) as τ → ∞, we need to prove a differential
for the space of all smooth functions on R k which have bounded derivatives of all orders.
Lemma 2.2. For all
Proof. We write g(s) := s sinh s which defines an even, non-negative and real analytic function in S(R). Then according to the expression
it is apparent that the matrix function A(τ ) := g(Ω( √ −1τ )) smoothly depends on τ . The contour Γ is taken suitably surrounding the spectrum of Ω( √ −1τ ). The spectrum of A(τ ) is contained in (0, ∞) and one can write
By taking the partial derivative of σ (τ ) with respect to τ k it follows
With our notation
and by making use of the resolvent equation we calculate
where for s = 0 the function h := g g −1 is given by
Of course, this expression is odd and has an analytic extension to s = 0. Also we can see that the function h is bounded and all its derivatives h (j ) (s), j ∈ N, are vanishing as |s| → ∞. In particular, it follows that the functions
are bounded for all j ∈ N 0 . Together with (8) , this implies the assertion. 2
As a corollary to Lemma 2.2 we obtain:
As a function of τ the right-hand side of this inequality is non-vanishing and continuous on the unit sphere
sinh s is bounded, even and monotony decreasing for s > 0 sufficiently large, we conclude that there is a constant β > 0 with
The right-hand side of this inequality decays to infinite order as τ → ∞ and therefore σ (τ ) = O(|τ | −j ) for j > 0 arbitrary. Finally, by using (7) in Lemma 2.2 it follows that
where 
Moreover, all the maps
Here m (j ) denotes the j -th derivative of m.
Proof. We write B(τ )
For each τ ∈ R d let us denote by {e j (τ ) | j = 1, . . . , n} an orthonormal basis of R n consisting of eigenvectors of B(τ ). Then we have
which proves the first assertion. Now, we prove the boundedness of
and it is sufficient to show that all derivatives m (j ) (s) are bounded on R. By the same argument as in Lemma 2.2 this follows from the fact that all derivatives of s → coth s vanish exponentially as |s| → ∞. 2
With our notation in (5) we now can show:
(a) There are constants C, c > 0 such that
(b) Let g = (x, z) with |z| δ. Then for any N ∈ N we can choose C N > 0 and c > 0 such that
Proof. We distinguish two cases: (a) It directly follows from Theorem 2.1, Lemma 2.4 and W (τ ) ∈ S(R d ) that there are C, c > 0 independent of t and x such that
denote the Laplace operator with respect to the variable τ .
Then, with any integer N ∈ N we have
Hence k t (x, z) can be written as
According to Lemma 2.4 all the functions β j (τ ) := m (j ) (Ω( √ −1τ )) with m(s) = s coth s are bounded on R d and therefore, after partial integrations in the above integral and using (9), we obtain the estimate
whereC N , c > 0 are suitable constants independent of x, z and t. 2
Spectral zeta function of the sub-Laplacian on compact nilmanifold
In Section 3 we calculate the small time asymptotic of the heat kernel trace for the sub-Laplacian on a compact nilmanifold where the underlying Lie group G is nilpotent of step two. As a corollary we obtain the pole distribution of the corresponding spectral zeta function through the Mellin transform and we provide an expression for the residue. We start from a quite general framework by only assuming the existence of a lattice L (= uniform discrete subgroup) in G. Then for the heat kernel trace of the sub-Laplacian on L \ G we have
where we write
Here, the integration is taken over a fundamental domain F L of G with respect to the lattice L. The following proposition is the essential step in proving Theorem A of the introduction. Proof. Let γ = (p, q) ∈ L \ {0}. Then we see from the multiplication rule in (3) that
where by a straightforward calculation and using the notation in (3) one has
We distinguish the following cases:
= q is independent of x it follows from Proposition 2.5(b) and with suitable constants C N , c > 0 that
The subgroup L 1 is discrete by assumption and therefore the sum on the right converges for sufficiently large N . Since N can be chosen arbitrarily the expression on the left vanishes of infinite order as t ↓ 0.
Put
where B p (x) is linear in x and there is D 1 > 0 with B p D 1 |p|. We estimate the number of elements in R p for fixed p ∈ S. Since F L ⊂ R n+d is bounded we can choose a suitable constant D 2 > 0 such that
Since by assumption L and hence R p both are discrete there is D 3 > 0 with
According to Proposition 2.5(a) we can choose constants C, c > 0 such that
In the last inequality we have used (13) . Since the set S is discrete, the right-hand side vanishes to infinite order as t ↓ 0.
By applying Proposition 2.5(b) with δ = 1 we see that for any N ∈ N we can choose C N > 0 and c > 0 such that with
We estimate the sum overR p . Note that from (14) we have for all (x, z) ∈ F L δ := min q + B p (x) : q ∈R p 1.
According to Lemma A.1 we can choose N sufficiently large and a constant D 1 > 0 independent of p and x with
The right-hand side vanishes to infinite order as t ↓ 0 and we have also completed the third case. Finally, the assertion follows by combining the cases I-III. 2
Remark 3.2.
In general the set exp −1 L =L does not form a lattice in g (considered as a vector space). However, we can regardL as a subset of a lattice generated byL according to Theorem 2.12 in [16] . 
Proof. This follows from (10) and k t (0) = (2πt)
Let Λ denote the spectrum of the sub-Laplacian sub L\G . Then the corresponding spectral zeta function is defined by
Let 0 < γ < min{λ ∈ Λ | λ = 0} and apply dim(kernel sub L\G ) = 1. Then there is C > 0 such that for all t 1, 
K L\G (t) − 1 t s−1 dt + H (s),
where H (s) denotes an entire function. We set
then the small time asymptotic expansion of the heat kernel trace in Theorem 3.3 shows that there is an entire function 
In particular, the pole distribution of ζ sub
L\G (s) is independent of the lattice L, and only depends on the dimensions n
of [g, g] ⊥ and d of [g, g].
Heat trace expansion of the Laplacian on L \ G
We use the notation of the previous section and assume that G is equipped with the left invariant metric such that
] forms an orthonormal basis at the identity element. The Laplacian G on the Lie group G with respect to this metric is given by
The following has been shown in [3] :
Theorem 4.1. Let W (τ ) be the volume element in (6). Then the heat kernel K ∈ C ∞ (R + × G × G) of the Laplacian is given by
where k t ∈ C ∞ (R + × G) has the form:
and
Again we assume that there is a lattice L in G. Then the heat kernel trace K L\G (t) of the Laplacian L\G on L \ G can be decomposed as follows
where F L is a fundamental domain of the lattice L. By similar arguments as before one can show that the remainder
vanishes to infinite order as t ↓ 0. Hence we have as t ↓ 0
with the definition
which is bounded on [0, ∞). By defining α(−t) := α(t) we extend α(t) to a function on the real line.
Lemma 4.2. It holds α(t) ∈ C ∞ (R) and for all
Proof. First, we prove smoothness of α(t) in t = 0. Let {λ j (τ )} denote the eigenvalues of Ω( √ −1τ ) with multiplicities m j (τ ) ∈ N. Applying the same calculation as in the proof of Corollary 2.3 it follows
where (4) is skew-symmetric we conclude that its eigenvalues are purely imaginary and if √ −1λ ∈ √ −1R is an eigenvalue then also − √ −1λ ∈ √ −1R is an eigenvalue. The function g(s) is even and therefore, we can write
Note that the power series expansion of g(s) in s = 0 has only even powers and therefore the assignment t → g( √ tλ j (τ )) is smooth in t = 0. As a consequence, we see that t → W ( √ tτ ) is smooth in t = 0 for any fixed τ ∈ R d . Moreover, by applying Proposition A.3 and (22) we conclude that for all ∈ N there are k j = k j ( ), k = k( ) ∈ N and C 1 , C > 0 independent of t > 0 such that
By using standard results on the differentiability of parameter integrals it follows that α(t) defines a smooth function in t = 0. 2
Consider the Taylor expansion of the smooth map t → W (
√ tτ ) in t = 0, W ( √ tτ ) = N j =0 b j (τ )t j +r N (t,
τ ).
According to Lemma 4.2 we have:
Lemma 4.3. For N ∈ N the function α(t) has the following asymptotic expansion
We write ζ L\G (s) for the spectral zeta function of the Laplacian on L \ G. Since K L\G (t) − 1 vanishes to infinite order as t ↑ ∞ and by applying (18) it follows that
where H 0 (s) and H 1 (s) are entire functions on the complex plane. We insert the expansion (23) of α(t) for small values t > 0
The function H 2 (s) is holomorphic for Re(s) > n+d 2 − N − 1. As is well known all poles of ζ L\G (s) are simple and located at most at {dim G/2 − j | j ∈ N 0 }. We calculate the residues in these poles:
Here the values Γ (−k) −1 with k ∈ N 0 should be interpreted as zero. In particular, the residue in s p is
Proof. We only show (26).
From (24) the assertion follows. 2
On certain values of the spectral zeta function for the sub-Laplacian
Let Λ M := {0 = λ 0 < λ 1 λ 2 · · ·} denote the spectrum of the sub-Laplacian sub M on a two step compact nilmanifold M = L \ G of dimension dim M = n + d. By S 1 we denote the unit circle equipped with the Laplacian − 
Then sub M×S 1 clearly has the spectrum
In the following we write ζ sub M×S 1 (s), ζ sub M (s) and ζ S 1 (s) = 2ζ(2s) for the spectral zeta functions of sub M×S 1 , sub M and
By writing Z(s) := ∞ n,k=1 2 (λ n +k 2 ) s and applying the Mellin transform, one obtains
where k M (t) = ∞ n=0 e −λ n t and k S 1 (t) = k∈Z e −k 2 t denote the heat kernel traces of sub M and S 1 , respectively. Next, we use the Poisson summation formula:
Together with (27) we obtain:
It is easy to check that H (s) defines an entire function on the complex plane and we have shown that 
Nilmanifold over free two step nilpotent Lie groups
In Section 6 we provide some examples different from the earlier ones in [1] and we discuss a class of nilmanifolds M := L \ G that are not of Heisenberg type. In particular, M can be even-dimensional. We explicitly calculate the spectral zeta function ζ sub M (s) of the sub-Laplace operator on a nilmanifold over the free nilpotent Lie group of dimension six. Even in such a low-dimensional case ζ sub M (s) takes a complicated form. However, some of its analytic properties can be obtained from the general results in Theorems 3.4 and 5.1. Fix n ∈ N and let F (n+ ) ∼ = R n ⊕ R , where := n(n − 1) 2 be a connected and simply connected free 2-step nilpotent Lie group with Lie algebra f n+ . We fix a basis {X i , Z i,j | 1 i, j n, i < j } of f n+ and assume the bracket relations
where 1 i < j n. Identifying the Lie group and Lie algebra via the exponential map the group multiplication is given by the formula (3).
Remark 6.1. Let g be a 2-step nilpotent Lie algebra with basis
where a k ij = −a k ji for i, j = 1, . . . , n. Then we can define a Lie algebra homomorphism ρ :
In this sense any 2-step nilpotent Lie group (Lie algebra) is covered by a free 2-step nilpotent Lie group (Lie algebra).
Let X i be the left invariant vector field on F (n+ ) which corresponds to X i (i = 1, . . . , n). More precisely,
where g = (x, z) ∈ R n ⊕ R and f ∈ C ∞ (F (n+ ) ). With our previous notation the skew symmetric matrix Ω(τ ) ∈ R n×n is given by
The heat kernel of the sub-Laplacian sub
on F (n+ ) is expressed in Theorem 2.1. We fix the standard lattice
In order to give more explicit formulas we specialize to the case of the 6-dimensional free nilpotent Lie group F (3+3) . In this case, the matrix Ω(τ )
which has the eigenvalues 0 and ± √ |τ |. So the volume element W (τ ) can be calculated explicitly, cf. [2] :
The asymptotic behaviour of the heat kernel trace of sub
was given in Theorem 3.3. To calculate the coefficients in this expansion precisely we need to evaluate the integral over the volume element using the identity
(cf. Lemma A.2). Let K L\F (3+3) (t) denote the heat kernel trace of sub
and it holds vol(F L ) = 1. We conclude from Theorem 3.3.
Proposition 6.2. The heat kernel trace of sub

L\F (3+3)
has an asymptotic expansions as t ↓ 0 given by
In particular, the spectral zeta function ζ sub 
Proof. According to Theorem 3.3 we have K L\F (3+3) (t) = αt
where we have used Lemma A.2(iii). The second assertion directly follows from Corollary 3.4. 2
In the example below we calculate the residues (25) of the spectral zeta function ζ L\F (3+3) (s) for the Laplacian on L \ F (3+3) . Since n + d = 6 is even, only three poles appear in s = 1, 2, 3. Example 6.3. From (29) we see that the function α(t) in (19) is more explicitly given by
By B j (x) we denote the j -th Bernoulli polynomial and we use the well-known Taylor expansion
Then the numbersb j for j ∈ N 0 in (24) which determine the residues of the spectral zeta function of the Laplacian on L \ F (3+3) in (25) are given bỹ
According to (25) we obtain the following non-zero residues for j = 0, 1, 2:
.
Finally, we derive an explicit expression of the spectral zeta function for the sub-Laplacian sub
on L \ F (3+3) by decomposing the operator into an infinite series of elliptic operators acting on sections into line bundles. Recall that two step nilmanifolds can be interpreted as the total space of a principal bundle where the fiber and the base space both are tori. The center Z(F (3+3) ) of the group F (3+3) is
If we define ρ :
then ρ induces the projection of the principal bundle
with structure group Z(
Let E (n) be the complex line bundle on the base space
associated to the character χ (n) . Then E (n) is identified with the quotient space of F 3+3 × C by the equivalence relation leaves these spaces invariant and can be seen as a differential operator on the line bundle. We denote the restriction of the sub-Laplacian sub
to F (n) by D (n) .
We shall express its principal symbol σ (D (n) ). A fiber E (n)
[x 1 ,x 2 ,x 3 ] of the line bundle E (n) in a point [x 1 , x 2 , x 3 ] ∈ T 3 is identified with {(x, z; w) | w ∈ C} through the diagram
Now, we can show: ,j ) = 2(|n 1 |, |n 2 |, |n 3 |).
As an application of Proposition 6.4 and using (31) 
Without loss of generality we assume that δ < 1 which implies C 1 δ −1 > 2 and it follows that In particular, it follows Proof. Since the integrand is a radial symmetric function, we have 
